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* Review last class
— Definitions of Laplace transforms
— Getting a transform by integration

— Finding transforms (and inverse
transforms) from tables and theorems

— Applications to differential equations

« Examples of applications to systems of
homogenous and nonhomogeneous
equations
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Review Transform Definition

» Transforms from a function of time, f(t), to
a function in a complex space, F(s),
where s is a complex variable

» The transform of a function, is written as
F(s) = £f(t) where £denotes the Laplace
transform (use 3 for £in some equations)

 Laplace transform defined as the
following integral

L elfOl=[e tOdt=F(9)

Northridge °

Simple Laplace Transforms

f(t) F(s) f(t) F(s)

tn nl/sn+t e?tsin ot 1)

tx (x+1)/sx+1 (s-a)y +0’
et 1/(s—a) |e¥coswt | (s—a)
sin ot ol(s? + 0?) (s—a)’+ o’
cos ot s/(s? + ®?) |Additional transforms
sinhot_ol(s?-0?) | & 00 Earon
coshwt |[s/(s?-®?) |edition
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Review Transforms Properties

+ Lafy(t) + bfy(t)] = aL [f;(t)] + be [fy(t)]
« First shifting theorem
« If ff(t)] = F(s) then £[e?f(t)] = F(s —a)
— Example: f[cos(wt)] = s/(s? + ®?) soO
fle?tcos(wt)] = (s —a)/[(s — a)? + v?]
* Derivative transforms where £Jf(t)] = F(s)
- §[df/dt] = sF(s) — f(0)
- £[d?/dt?] = s2F(s) — sf(0) — (0)
— Similar results for higher derivatives

Cabiforrsin State Lnfersity
Northridge

Solving Differential Equations

ME 501A Seminar in Engineering

» Transform all terms in the differential
equation to get an algebraic equation

— For a differential equation in y(t) we get the
transforms Y(s) = £ [y(t)]

— Similar notation for other transformed
functions in the equation R(s) = £[r(t)]
+ Solve the algebraic equation for Y(s)
+ Obtain the inverse transform for Y(s)
from tables to get y(t)
— Manipulations often required to get from
Y(s) equation to transforms in tables

Califormia State University
Northridge
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Inverse Transformations

* Use transform table
— May need partial fractions approach

» Use first shifting theorem discussed last
Wednesday

* New methods to be discussed tonight
— Use second shifting theorem

— Second shifting theorem depends on
definitions of Heavyside unit function and
Dirac delta function

Cabiforrsin State Lnfersity
Northridge

Strange Functions

» The Heavyside unit function, u(t—a) is
definedtobe Ofort<aand 1fort=a
— Represents step from zero toone at x = a
— Laplace transform is e@s/s

Delta function, 3(x — a) is defined such
that for any vanishingly small ¢, 5(x — a)
=0 except for—e < x—a < ¢ and the

integral j5(x—a)dx=1
i elo(x-a)]=e™

Califormia State University
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Second Shifting Theorem

Applies to e#F(s), where F(s) is known
transform of a function f(t)

* Inverse transform is f(t — a) u(t — a)
where u(t — a) is the unit step function

* For e3ss/(s? + »?), we have e3sF(s) with
F(s) = s/(s? + »?) for f(t) = cos wt

» Thus e@ss/(s2 + ®?) is the Laplace
transform for cos[w(t — a)] u(t—a)

Cabiforrsin State Lnfersity
Northridge

Review Partial Fractions

» Method to convert fraction with several
factors in denominator into sum of
individual factors (in denominator)

» Example is F(s) = 1/(s+a)(s+b)

+ Write 1/(s+a)(s+b) = A/(s+a) + B/(s+b)

* Multiply by (s+a)(s+b) and equate
coefficients of like powers of s
—1=A(s+b)+B(s +a)
—A+B=0fors'terms and 1 = bA + aB for

s0 terms

Califormia State University
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Review Partial Fractions I

—A+B=0fors'terms and 1 = bA + aB for
s0 terms

— Solving for Aand B givesA=-B = 1/(b —a)

Result: 1/(s+a)(s+b) =

1/[(b—a)(s +a)] - 1/[(b—a)(s + b)]

—So f(t) = [e@t — e®/(b—a)

This actually matches a table entry

* Follow same basic process for more
complex fractions

» Special rules for repeated factors and

...complex factors

Northridge

Review Partial Fraction Rules

» Repeated fractions for repeated factors

L, A A A A

n =t nJr n—1+. + 2+7
co(s+a) (s+a)" (s+a) (s+a)® s+a

* Complex factors (s+ a—ip)(s + o +ip)
1 As+B

- - NP 4.
o (s+a—ip)(s+a+if)-- (s+a)’ + B

 Pure imaginary factor is complex factor
with o =0

1 1 As+B
N Py Py Sy

Califormia State University
Northridge
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Other Applications

* We can apply this to a system of
equations for y;(t)
— Transform all equations from y;(t) to Y;(s)
— Solve simultaneous algebraic equations for
each Y/(s)
— Get inverse transforms for y;(t)

— Sometimes simpler to get some y;(t) from
differential equations after solving one
equation using transforms

Cabiforni State Unhersity
Nnrlhlritlge

System of Equations

* Look at system of two equations from
spring-mass system solved previously
— Have equations for y,(t) and y,(t)

— Write Y,(s) and Y,(s) for £y,(t)] and Ly,(t)]
— Equations from October 11 lecture

2 2
dy kotkey ke o 9k etk g

da?  m m, d> m,”' m,

$Y,(5) ~ 8y, (0) - v, (0)+ k+sz(s),7ZY (5)=0

SV, (5) ~ 5y,(0) - ¥ <0)——2Y(s)+" +k2Y(s) 0

Nl)l‘ll‘ll‘l(lg(

System of Equations Il

* Rearrange to show two simultaneous
algebraic equations in Y,(s) and Y,(s)

2 ktk, Ky ,
EanA [S - )YI(S) lez(S)—Sy1(O)+y1 ©

1

K 2 K,
Eqgn B —m*2Y1(8)+[S + r:

, jvz(s) = 51,(0)+,'(0)

+ Gauss elimination gives Y,(s) equation

Eqn B-Eqn A{—ﬁ/[s2 +mﬂ
m2 ml

Cabiforni State Unhersity
Nnrthlridge

System of Equations Il

_k
sz+k3+k2— Mk Y, (s) =
m, o kKA m
(P +2- "2 1
\\___rnl’/
k2

K0+, 0| =g (90 + 1)
(s*+21—2

o mi’/

Calbiforni State University
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System of Equations IV

m, m, m, m

[S + kl,; ‘- j[syz(o) +Y, (0)]‘[_ 7](53’1(0) +v,'(0))

1

[S4+k1+kzsz+k3+kzsz+k1+k2k3+k k? JY(S)
1

m, m, m m, mm

[s +k; 2][sy2<0)+y2 )]+ (sy1(0)+y1 )

Northridge

System of Equations V

34+k3+k252+k1+k2 2, Ky +k, K +k, () =
m2 ml

[S +km ](syz(0)+yz (0)+ 2(sy1(0)+ y,'(0))

» The factor for Y,(s) is the same as the
characteristic equation obtained in
October 11 lecture

/14+[k1+k2 +|<3+|<2]/12+ Ktk ktk, ko ko
rnl ml mZ mZ ml

2
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System of Equations VI System of Equations VII
[34+ Ketks 2 Kitky 2 Kotk kitk, LL}Y (s) = « The term multiplying Y,(s) can be
m; M M Mo M m, factored as follows
2 ki+Kk,
[s +2 ](syz(onyz O) 2(.0) 41, 0) s4+4k52+3k2=(52 3")(5 N "j
m m m m
« If all k and all m are the same the + So the Y,(s) equation becomes
equation becomes 3k K
4k , 3k S+ s?+—Y,(s)=
(s“ - Sz+mJY2(3)= N [ + mj( + m)yz( )
(21,03, @) 01,00+ :0) (5 +mj(sy2 O+, @)+ (610 +%/0)
Northridge " Northridge »

System of Equations IX

* Use partial fractions for Y,(s); have

System of Equations VIII

+ Manipulate right side of Y,(s) equation to
combine like powers of s two pure imaginary factors
s + P +5+5  As+B Cs+D

3k k
s? +j[s2 +)Y2(s)= Y,(s) = = +
( m m (s +3k)[52+£j sk g K
m m m

(s2+2mkj(syz(0)+yz'(0))+k(sy1(0)+y1'(0))= i

» Multiply by denominator

%k Sk kTS k k
s°y,(0) +s?y,' (0) 4 (Zm y2(0)+—y1(0) s+%y2 (0)+ Y, (0)| s’ + 7+ +5=(As+B SZ+HJ+(CS+ D)(sz+%)
a p NT___.M Jemo M :
— st + ﬂs +7)5 +.é\‘ Expan?and equate like powers of s

n Northridge

Cabiforni State Unhersity
Nnrthlridge

System of Equations X System of Equations XI
. , k , 3k * The Y,(s) equation transforms is the
as’+ [ +7’5+5:(A5+B)(5 +aj+(CS+D)(S +Hj sum of transforms for sine and cosine
as®+ P +)5+5  As+B Cs+D
=A53+A£s+BsZ+B£+Cs3+Cs%+DSZ+D% Y2(s) = ( 3kj( k)* 2, k" k
m m m m ST+— || ST+ — S+ -
s a=A+C s? f=B+D " " " "
B - As+B 3k m . (. |3k
5 y:(A+3c)5 ° 5:(B+3D)% FO= & 7 f(t)‘ACOS(t\/%}B\/siks'"(tJ%]
m
_3a_my 38 ms my o« ms F(e)-Cs+D _ k LIS
=7 g2 Y c=2L_ 2% p=_L2_F (s)= K= f(t)=Ccos| t +D ksmt
2 2k 2 2 2k 2 2k 2 S m m
Nnrthlrulgt 23 Nl)l‘thl‘l(lg( #
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System of Equations XI|

« |nitial conditions from October 11 lecture

* v4(0) = a, y,(0) =-a, y;(0) =y, (0) =0
2k k ka

a=Y,(0)=-a y=—y,(0)+—=y,(0)=——
mk mk m

. 2k -, .
B=¥,'(0)=0 8=—VY,'(0)+—y,'(0)=0

m m

 Substitute a, B, v, and 5 values into

ade My g 3 mé o _my a o ms_f
2 2k 2 2 2k 2 2k 2
Northridge »

System of Equations XI||

3 my_ 3 m( k) o B _m_,
2 2k 2 2k m 2 2k
:ﬂ_ﬁzﬂ _E _;a: D:@_Ezo
2k 2 2k m 2 2k 2

» Solution withA=-a,B=C=D=0is
3k . 3k
yﬂt):Acos[tJ%J B\/gsm[t Hj
+C cos[tﬁ} + D\/Esin[t\ﬁJ = —acos[tﬁ]
m k m m

Calrforrsi Sate Unfversity 2
Northridge

System of Equations XIV

» Get y, from original differential equation
after setting all m and k to be equal

d’y, k, = Ky+k, m{d?y, 2k.
-2 B2y =0 =— 2420y
dtz m, Bt m, Ye = % k _qtf _-_F_J’!JI"_y,2
m{ 31{ [ SkH 2k[” [ BkH}
y,=—y——|—acos| t,|— ||+—[—acos| t,|—
k m m m ‘~~\\ m
yl(t)zacos[t %j * y,and y, same as
oA in October 11 notes
Northridge "

Other Applications

+ Laplace transforms are used to

analyze differential equations for

control systems

Define system function or transfer

function as ginput] / gfoutput] for a

single input

* Use this function to analyze response
to various inputs

» Determine stability of control systems:
will a disturbance damp out?

Calrforrsi Sate University 28
Northridge

Laplace Transform Summary

Use tables to get transforms from y(t) to
Y(s) and vice versa

Differential equation in f(t) and its
derivatives becomes algebraic equation
in Y(s)

Solve for Y(s) and rearrange to get
terms that you find in transform table
Use transform table to get y(t) from Y(s)
Transform method incorporates non-
homogenous terms and initial conditions

Californin State [ niversity 29
Northridge

Group Exercise

» Form groups of 2-3 people

+ Use Laplace transforms to solve the
differential equation y” — 9y = e with
y(0)=0and y’'(0)=2

Calrforrsi Sate University 30
Northridge
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Solution to Group Exercise

» Solve y” — 9y = e with y(0) = 0 and
y'(0) = 2 by Laplace transforms

 Transform differential equation:

s2Y(s) —sy(0) — y’(0) —9Y(s) = 1/(s +1)

 Substitute initial conditions and solve
result for Y(s)

s2Y(s)—0—-2-9Y(s) = 1/(s +1)

(s2-9)Y(s) =2+ 1/(s +1)

Californin State [niversity 31
Northridge
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Solution to Group Exercise |l
(s2-9)Y(s) =2 + 1/(s +1)

1

2
Ys) = s? —9+(52 -9(s+1)

» Use partial fractions for last term
1 A B C
= + +
(s2=9)(s+1) (s—=3) (s+3) (s+1

1=AG+1D(+3)+B(+1(s—-3)+C(s?-9)

» Set sums of like powers to zero

Calrforrsi Sate Unfversity 32
Northridge

Solution to Group Exercise Il

1=AG+1D(+3)+B(s+1)(s—3)+C(s*-9)
s?terms: 0=A+B+C
slterms: 0=4A4-2B
sOterms: 1=34—-3B—-9C
« s’ equation gives B = 2A
« Substituting B = 2A into s2 equation
givesA+2A+C=0orC=-3A A=1/24
* Substitute B = 2A and C = -3A into s°
£equation to get 1 = 3A - 3(2A) — 9(-3A) .

Northridge ?

Solution to Group Exercise IV

* FromA=1/24 and B = 2A: B = 2/24
* FromA=1/24 and C =-3A: C =-3/24

O P
s2—=9 (s=3) (s+3) (s+1)

1 1 2 3
YO =5 %= 6+ G+

* From transform table

2 1
y(@) = §sinh(3t) +o7 [e3t + 2e73t — 3e71]

Calrforrsi Sate University 34
Northridge

Check Solution for ODE

* Plug solution into original differential
equation: y’ — 9y = et

2 1
_Z 213t -3t _ gt

y(t) = 3smh(3t) + 24[e + 2e 3e7]
1

y'(t) = 2cosh(3t) + ﬁ[Se“ —6e73t + 3e7t]

1
y"" = 6sinh(3t) + ﬁ[‘)e“ +18e73t 4+ 3e7t]
1
y"' — 9y = 6sinh(3t) + ﬁ[993t +18e73t —3e7t]

2 1
) -9 §sinh(3t) + 7 [e3t +2e73t —3e7t]| =€t
Californin State Unhersity
Northridge %
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Check Boundary Conditions

» Boundary conditions: y(0) = 0; y'(0) = 2
y(t) = gsinh(3t) + %[e“ +2e73t —3e7t]
y(0) = gsinh(o) + % [e0 + 2¢70t —3¢79]
=0+%[1+z—3]=0
y'(£) = 2cosh(3t) + %[33“ —6e73 +3e7t]
y'(t) = 2cosh(0) + %[3430 —6e7 0 +3e7]

1
=2(1) +5,8-6+3]=2

i State [nfersity

ali Lnfyers 36
Northridge
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